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FORMAL CONJUGACY GROWTH IN ACYLINDRICALLY HYPERBOLIC 

GROUPS 

YAGO ANTOLIN AND LAURA CIOBANU 


Abstract. Rivin conjectured that the conjugacy growth series of a hyperbolic group is ra¬ 
tional if and only if the group is virtually cyclic. Ciobanu, Hermiller, Holt and Rees proved 
that the conjugacy growth series of a virtually cyclic group is rational. Here we present the 
proof confirming the other direction of the conjecture, by showing that the conjugacy growth 
series of a non-elementary hyperbolic group is transcendental. We also present and prove some 
variations of Rivin’s conjecture for commensurability classes and primitive conjugacy classes. 

We then explore Rivin’s conjecture for finitely generated acylindrically hyperbolic groups 
and prove a formal language version of it, namely that no set of minimal length conjugacy 
representatives can be unambiguous context-free. 
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1. Introduction 

For any n > 0, the conjugacy growth function 4>cjin) of a finitely generated group counts the 
number of conjugacy classes in the ball of radius n. This function has recently been studied 
by several authors for many important classes of groups (see the survey [20] and also [5], 
|22] 1 with the goal of determining whether it is polynomial or exponential, or to establish 
uniform conjugacy growth. Primitive conjugacy growth, the one that counts the number of 
conjugacy classes of primitive elements (a primitive element is one which is not a proper power 
of another element) has been studied for many decades, motivated by counting closed geodesics 
(up to free homotopy) on complete Riemannian manifolds; for example, Margulis [23] proved 
that for a compact manifold M of pinched negative curvature and exponential volume growth 
where h is the entropy of M, the number of primitive closed geodesics of period < t is 
approximately This formula gives, via quasi-isometry, good estimates for the number of 
primitive conjugacy classes in the fundamental group of M. 

The previously mentioned results study conjugacy growth from the asymptotic point of view. 
In this paper we study formal conjugacy growth, that is, the formal power series 

oo 

(1) Gcjiz) = X<('ci(n) 2 :” e Z[[z]]. 

n=0 

Notice that when studying formal growth, the algebraic complexity of function ([T|) (i.e. rational, 
algebraic or transcendental over Q( 2 :)) might depend on the choice of the generating set. 
Throughout the paper, we will assume that the generating sets generate the group as a monoid. 
In order to avoid working with non-symmetric metrics on Cayley graphs, we will also assume 
that the generating sets are inverse closed, although this last condition is not essential. 
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To our knowledge, Rivin m and m) was the first to study formal conjugacy growth 
for groups. He computed Qcj for non-abelian free groups with respect to the standard basis 
and showed that it is not rational (see Section [2] for a definition). Ciobanu and Hermiller [7| 
obtained similar results for free products of finite groups different from Z/2Z * Z/2Z. Rivin, 
based on his computations, made the following conjecture. 

Rivin’s Conjecture. |28t Conjecture 13.1] Let G be a word hyperbolic. The conjugacy growth 
series Qcj is rational if and only if G is virtually cyclic. 

InH], Ciobanu, Hermiller, Holt and Rees proved one direction of Rivin’s conjecture, namely 
that virtually cyclic groups have rational conjugacy growth series for any generating set. 

In this paper we complete the proof of Rivin’s Conjecture and give natural generalizations 
to primitive conjugacy growth and commensurability growth. As mentioned before, from the 
geometric point of view it is natural to study the primitive conjugacy growth (ppc{n), i.e. the 
number of conjugacy classes of primitive elements of length at most n. From the algebraic 
point of view, on the other hand, when the group has torsion it is more suitable to study 
commensurability classes. Recall that two elements g and h of a group G are commensurated 
if there are m,n € h — {0} and k G G such that k~^g'^k = h”. Commensurability classes in 
acylindrically hyperbolic groups were used in [2] to decide if certain endomorphisms were inner 
automorphisms. Thus the number of commensurability classes (fcmin) in the ball of radius n 
can be relevant for algorithms. 

Let Qpc and Qcm denote the growth series associated to 4>pc and (pcm, respectively. The hrst 
main result is the following. 

Theorem 1.1. Let G be a hyperbolic group. Then the growth series Qcj, Qpc and Qcm with 
respect to any finite symmetric generating set are: 

(1) rational overQ{z), if G is virtually cyclic. 

(2) transcendental over<^{z), if G is not virtually cyclic. 

Our proof of Theorem 11.11 relies on understanding the asymptotics of (fcj , (fpc and (pcm for 
non-elementary hyperbolic groups. A hyperbolic group is called elementary if it is virtually 
cyclic. Coornaert and Knieper m, [H]) generalized the results of Margulis to the context of 
hyperbolic groups, and provided bounds (the upper bound only in the torsion-free case) for the 
growth function of conjugacy classes and primitive conjugacy classes in terms of the exponential 
growth rate h of G with respect to the generating set X, where h = limsup^^go log ^\M>x{n)\ 
and Mx{n) is the ball of radius n. In this paper we extend the results of Coornaert and Knieper 
to all conjugacy classes and all commensurability classes, and we prove 

Theorem 1.2. Let G be a non-elementary word hyperbolic group and X any finite symmetric 
generating set. There are positive constants A, B and no such that 

gnh 

A - < 4>cm{n) < 4>pcin) < 4>cjin) < B - 

n n 

for all n > no. 

In general, one can define the exponential growth rate of any positive function / to be the 
quantity lim sup„_^oo(log \//(u)). A direct consequence of the previous theorem is 
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Corollary 1.3. Let G he hyperbolic and X any finite generating set. The exponential growth 
rate h of G and the exponential growth rates of ficj, 4'cm cmd fipc are equal. 

The proof of Theorem 11.21 requires two key ingredients: the first is Patterson-Sullivan theory, 
which is used to obtain bounds for the growth of hyperbolic groups; the second is the fact that 
in hyperbolic groups “conjugacy = cyclic permutation”, i.e. two elements are conjugate if and 
only if some of their cyclic permutations are conjugated by an element of universally bounded 
length. 

Our second main result concerns the Rivin conjecture for acylindrically hyperbolic groups, 
that is, groups acting non-elementary and acylindrically by isometries on a hyperbolic space 
(more details in Section [6]). The class of acylindrically hyperbolic groups contains non- 
elementary hyperbolic and relatively hyperbolic groups, all but finitely many mapping class 
groups of punctured closed surfaces, Out(F„) for n > 2, directly indecomposable right-angled 
Artin groups, 1-relator groups with at least 3 generators, most 3-manifold groups, C"(|) small 
cancellation groups and many other examples (see [laiiniEi]). 

Based on our results we propose the following natural extension of Rivin’s conjecture. 

Strengthened Rivin’s Conjectnre. Let G be a finitely generated acylindrically hyperbolic 
group. Then Qcj, Qpc and Qcm are transcendental. 

The action of acylindrically hyperbolic groups on hyperbolic spaces is typically neither 
proper, nor co-compact; hence it is not clear how to dehne Patterson-Sullivan measures on 
the boundary (recently, [3T] has made progress in the case of relatively hyperbolic groups). 
Therefore a result like Theorem O for finitely generated acylindrically hyperbolic groups 
seems out of reach with the current techniques. This is why we approach the above conjecture 
from the point of view of formal languages. 

Recall that a language T is a set of words over some finite alphabet A, that is, C is a 
subset of A*, the free monoid generated by A. Languages have been categorized into several 
classes according to their complexity, the simplest ones being regular and context-free, with the 
class of unambiguous context-free languages strictly containing all regular languages and being 
contained in the set of all context-free ones. For these low-level languages we can match the 
computational complexity with an algebraic characterization as follows: the growth series of 
a regular language is rational, and the growth series of an unambiguous context-free language 
(the definition is not necessary in this paper, see [2T] for details) is algebraic. 

Theorem 1.4 (Chomsky-Schiitzemberger). If C C A* is unambiguous context-free, then 
Quiz) = ^ I ^(kF) < n}z^ € ^[N] is algebraic over Q{z). 

Chomsky-Schiitzemberger’s theorem would imply, if the Strengthened Rivin’s conjec¬ 
ture were confirmed, that no language of minimal length conjugacy/conjugacy primi- 
tive/commensurability representatives can be unambiguous context-free. This is exactly our 
second main result. 

Theorem 1.5. Let G be a finitely generated acylindrically hyperbolic group, X any finite 
symmetric generating set, and Ccj f CpdHem a subset of X* containing exactly one minimal 
length representative of each conjugacy/primitive conjugacy/commensurability class. Then 
Hcj!HpdCem is not unambiguous context-free. In particular, such a language cannot be regular. 
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The proof of Theorem 11.51 combines closure properties of formal languages, which will be 
discussed in Section [5l together with the “conjugacy = cyclic permutation” phenomenon for 
conjugacy classes of hyperbolically embedded subgroups fTheorem l6.ll) proved in Section [6l 

2. Transcendence of growth series and the proof of Theorem 11.11 

We say that a formal power series f{z) € '^[[z]] is rational if there exist nonzero polynomials 
p{z),q{z) € Z[z] such that f{z) = more generally, f{z) is algebraic over Q(z) if there exists 
a nontrivial polynomial p{z, u) € Q(z, u) such that p{z, f{z)) = 0. If f{z) is not algebraic over 
Q( 2 :), we say that f{z) is transcendental over Q( 2 ;). 

Any language C over X gives rise to a strict growth function : N U {0} ^ N U {0} defined 
by 

ac{n) := \{W eC\ i{W) = n}l, 

and a cumulative growth function (/>£ : N U {0} —>• N U {0} defined by 

^c{n) := \{W £C\ £{W) < n}\. 

These, in turn, give rise to the strict growth series ^c{n)z'^ and cumulative growth series 
XlSo 4’c{n)z'^ of the language C. In the Introduction, Theorem ll.4l is stated for the cumulative 
growth series of the language, while in the literature such results may be stated for the strict 
growth series. We observe that these two formulations are equivalent, since from the relation 

CO OO 

crc{n)z"- = (1 - 2 ;) ^ (l>c{n)z^ 
i={) i=Q 

the strict growth series is rational (algebraic) if and only if the cumulative growth series is 
rational (algebraic). 

We now deduce Theorem 11.11 from Theorem ll.2l Our proof relies on the lemma below, which 
describes the asymptotics of the coefficients of an algebraic growth series. 

Lemma 2.1 ([E], Theorem D). If Yl’S=o is the series expansion of an algebraic function 
that is analytic at the origin, then there exist algebraic numbers aj and Cj, \aj \ = 1, 0 < j < k, 
where k is some positive integer, and a positive algebraic number A such that 

k 

(2) K = + 0(n"A"), 

i=0 

where p G Q \ {—1, —2,... } and q < p. 

Proof of Theorem 1 1.11 First observe that if G is virtually cyclic, the result for was proved 
in [HI Theorem 4.2], and Qpc and Gem are polynomials, as in a virtually cyclic group there are 
finitely many primitive conjugacy classes and commensurability classes. 

So, assume that G is not virtually cyclic and let bn = 4>cjin) or bn = </>pc(rr) or bn = 4>cm{n). 
By Theorem 11.21 the sequence bn satishes A < bn-^ < B for n > uq . By the root criterion 
for convergence, Yl'n=o^^^^ converges for | 2 ;| < 1/e*^ and therefore is analytic at the origin. 
Suppose moreover that ^nZ^ is an algebraic function; then by Lemma [2T] we can assume 

that bn has the form ([^. 
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Since A < bn^K ^ B for n > no, we have that A = and p = —1. Thus by Lemma [2.II the 
growth series '^bnz'^ cannot be algebraic, so it is transcendental over Q( 2 :). □ 

Remark 2.2. The proof above, together with the assumption that (ppc{n) satisfies the inequal¬ 
ities in Theorem \1.A shows that if there is a constant K > 0 and a function ficin) such that 
K~^4’pcin) < ficin) < K(f>pc{n) for all n greater than some uq, then Qc = is 

transcendental overQ{z). 

3. Permute and conjugate: the Bounded Conjugacy Diagrams (BCD) property 

One of the main ideas behind the proofs in this paper is that in a hyperbolic setting “con¬ 
jugacy = cyclic permutation”. In this section we make precise this property, which we call the 
BCD property. We start by fixing some notation used throughout the paper. 

As already mentioned, by a generating set of a group G we mean a set X that generates G 
as a monoid and that is closed under taking inverses. Every element of G can be expressed 
as a word over X] for the sake of convenience we will identify a word W € X* with the 
element it represents in G. Given [/, E € X*, we use U = V to denote word equality and 
U =G V to denote equality between the group elements represented by these words. For a 
word U in X*, i{U){= ix{U)) denotes its length. For g & G, \g\x ■= Timi{l{U) \ U =g g}- 
Our identification of a word with the group element it represents allows for the notation 
\U\x = min{£(E) | V =g U}. We denote the closed ball of radius n of G with respect to X 
by Bx{n) := {g e G \ \g\x < n}. 

Our notation for paths in r(G, A), the Cayley graph of G with respect to X, is as follows. 
By L[0,n] we denote the unlabelled graph with vertex set {0,1,2,... ,n} and edges joining i 
to i -|- 1 for i = 0,..., n — 1. A path p of length n in r(G, X) is a combinatorial graph map 
p: L[0,n] — >■ r(G, A). In particular, p{i) is a vertex of r(G, A), p{0) will be denoted by p_ 
and p{n) by Let i{p) be the length of a path p and Lab(p) its label, i.e. the word read 
while traversing the edges of the path. A path p in r(G, A) is geodesic if i{p) is minimal 
among the lengths of all paths q with same endpoints. Let A > 1 and e > 0. A path p is a 
{X, s)-quasi-geodesic if for any subpath q of p we have 

i{q) < Xd{q-,q+)+e. 

Let K > 0. A path p is a K-local (quasi-)geodesic if every subpath of p of length less than or 
equal to K is (quasi-)geodesic. 

A word U is a geodesic, cyclic geodesic, quasi-geodesic, etc. if any path in the Cayley graph 
r(G, A) labelled by U has this property. By a a cyclic permutation ofW we mean a cyclic shift 
of the letters of W. A word is a cyclic ({\,e)-quasi-)geodesic if all its cyclic permutations are 
((A, e)-quasi-)geodesics. We use Geo(G, A) and CycGeo(G, A) to denote the set of all geodesic 
and cyclic geodesic words, respectively, and denote by ConjGeo(G, A) the set of all words of 
minimal length in their conjugacy class. Note that 

ConjGeo(G, A) C CycGeo(G,A) C Geo(G,A). 

Let [g]cj denote the conjugacy class of g € G. 

Definition 3.1. Let A > 1 and e > 0. A Cayley graph r(G,A) satishes the (A, e)-Bounded 
Conjugacy Diagram ((A,e)-BCD) property if there is a constant D = D(A,e) so that for any 
cyclic (A, e)-quasi-geodesics U,V, with V G [U]cj, either 
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(1) max{^(C/), ^(y)} < D, or 

(2) there exist k G Mx{D) and cyclic permutations U' and V of U and V such that 
[/' =Q k-^V'k. 

We say that r(G, X) has the BCD property if it has the (A, e)-BCD property for some A > 1 
and e > 0. We will often use the fact that hyperbolic Cayley graphs have the BCD property 
(we allow inhnite generating sets, see [61 iii.r. Lemma 2.9]). 

Other examples with the BCD property can be found in [T], where it is shown that Cayley 
graphs of groups hyperbolic relative to abelian subgroups have the (1,0)-BCD property with 
respect to certain generating sets. In [3] an analogue property to BCD is proved; there the 
input words U and V are quasi-geodesics and not necessarily cyclic quasi-geodesics. 

4. Proof of Theorem 11.21 the conjugacy growth function bounds 

In this section we determine the upper and lower bounds for the growth functions of Theorem 
O We rely on the bounds obtained by Coornaert and Knieper in m and [ 10 ] for the growth 
of primitive conjugacy classes. 

Definition 4.1. Let G be a group and 5 G G be an element of infinite order. Let 
Pig ( 5 ) = {/i G G I h~^g'^h = for some m G Z — {0}}. 

We say that 5 G G is primitive if g has infinite order and there is a finite subgroup F ^ G 
such that Eq^p) = {g) ■ F and E^^g) = (g) x F. 

Notice that when G is torsion-free, if g is primitive then g has infinite order and Eq^p) = (g). 
Since Ccig), the centralizer of g in G, is a subgroup of EQ{g), it follows that (g) = Ccig) 
and g generates its own centralizer. In particular, g cannot be a non-trivial power of another 
element in the group, which is the standard dehnition of primitivity. In the case when torsion is 
present. Proposition 14.31 Ibl provides a characterization of primitives as non-powers in general: 
g is primitive if its only ‘roots’ are g and g~^. 

The following lower bound is implicit in the proof of [10[ Thm. 1.1]. 

Theorem 4.2. [IDl Thm. 1.1] Let G be a non-elementary hyperbolic group. There are positive 
constants A and no such that 

phn 

A - < </>£p,(n) 

n 

for all n > uq. 

The goal of this section is twofold: first, we obtain the upper bound missing in Theorem 
lOl This is also based on the work of Coornaert and Knieper m, where the upper bound is 
obtained in the torsion-free case. Second, we prove that there is a constant K such that in a 
given commensurability class there are at most K primitive elements. This will give the lower 
bound for commensurability classes. 

For the rest of the section, we assume that G is a non-elementary hyperbolic group and X 
is a hxed symmetric generating set. We let 

(3) M = M{G) := sup{|F| | |F| < oo,F < G} 

be the supremum of the finite subgroup sizes in G. By | 6 l III.P.Theorem 3.2], M is finite. 
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In the next paragraphs we give further characterizations of primitive elements and show 
that our definition agrees with the one in m- 

4.1. Primitive elements. Recall that an infinite order element 5 of a hyperbolic group G 
is called loxodromic. For a loxodromic g, |25l Theorem 4.3] says that is the maximal, 

virtually cyclic subgroup of G of type finite-by-(infinite cyclic) containing g. It is easy to see 
that F'g(ff) is the same as H{g), the subgroup of G consisting of elements which fix the ends 
g~ and g~^ on the boundary dG (see Section 6 in [TO]). 

Since acts on the infinite line Z and fixes its ends, there is a unique surjective map 

TV = TV g : EQ{g) —>■ Z = (t) with 'n'{g) = t^,k > 0, and finite kernel F. 

We note that our definition of primitivity coincides with that of strong primitivity in ini 
Section 6 ], which is the condition (c) below. 

Proposition 4.3. Let G be hyperbolie and g € G loxodromie. The following are equivalent: 

(a) g is primitive, 

(b) for any h & G we have g^ 7 ^ h^ for all 0 < jmj < jnj, 

(c) -^gia) = t. 

Proof. (a)=>(b). Let F ^ Ghe a finite subgroup such that FQ{g) = {g)-F and FQ{g) = {g)xF. 
Suppose that g^ = /i” for some 0 < jmj < jnj. Then h is loxodromic and h~^g^h = g^, so 
h € F^(g), which means there are some f £ F and p ^ 0 such that h = g^f, which implies 
g"^ = hP = g'^^f'^. This furthermore implies m — np = 0, which contradicts 0 < jmj < jnj. 

-•(c)^ “'(b). Let A; > 1 be such that 'Kg{g) = t^■ There exists h € F^i^g) such that 'Kg{h) = t. 
Then 7rg{g^) = 7rg{h^^) for all m > 0, and hence for every m G Z there is fm £ F = ker( 7 rg) 
such that g^fm = Since F is finite, we can find mi and m 2 , mi 7 ^ rn 2 such that 

/mi = /m 2 ) and therefore = /j(mi-m 2 )fc^ Since /c > 1, 0 < |mi — m 2 | < |(mi — m 2 )A:|. 

(c)=^(a). From the split short exact sequence 1 —>■ F —>■ FQ{g) A {t) 1, and Tr{g) = t, 

we see that (g) ■ F = FQ{g). Since both {g) and F are normal in FQ{g), and they have trivial 
intersection, we obtain ^^( 5 ) = {g) x F. □ 

We will also need the following result, which is similar to [TOl Lemma 6 . 2 ]. 

Lemma 4.4. If g is a loxodromic element of G that is not primitive, then there exist an integer 
n> 1, a primitive element go in G and r, jrj < M = M{G), such that g^ = < 7 ™. 

Proof. Let T{g) denote the stable translation length of g. Recall that T{g'^) = \n\T{g) (see 
| 6 l III.F.3.14]) and translations lengths are discrete (see | 6 l III.F.3.17]) i.e. there is a positive 
integer p such that pT{g) £ N for all g £ G. 

Let 5 be a non-primitive loxodromic element and assume that the lemma holds for non¬ 
primitive loxodromic elements of stable translation length smaller than T{g). By Proposition 
[331 there is h £ G such that 5 ™ = h"', 0 < jmj < jnj. Note that this implies T{h) < T{g). 

If h is primitive, then g £ Fq^L) = {h) ■ F = (h) x F, where F is some hnite subgroup of 
G. So g = h^f, where f £ F and k £ h, and hence there is r < M such that g^ = hl^, and 
the conclusion of the lemma holds. 
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If h is not primitive, then since r(/i) < r(g), the induction assumption implies that 
for some qq primitive, so , and hence g G -Bq((7o)- The lemma follows by 

repeating the same argument as above. □ 

Definition 4.5. For g and g^ as in the statement of the lemma, we say that go is a root of g. 

4.2. The lengths of roots. Now we make precise the intuition that a root of a non-primitive 
element g must have length at most We will use the BCD property of Definition 13.11 

several times. 

Let denote the equivalence relation given by conjugacy, G/ ^cj denote its set of equiva¬ 
lence classes, and recall that [g]cj denotes the conjugacy class oi g € G. Define the length \g\cj 
up to conjugacy of an element 5 of G by 

\g\cj := min{|/i|x | h G [g]cj}- 

We make the analogous dehnitions for ~cm) the commensurability relation. 

Recall that in a hyperbolic space, local progress guarantees global progress (see for example 
m m.H. Theorem 1.13]). That is, for a fixed A > 1 there exist iL > 1, e > 0, such that any 
iL-local geodesic in r(G, X) is a (A, e)-quasi-geodesic. 

The following lemma, which we need later, can be proved using this local-to-global property. 

Lemma 4.6. [Ill Lemma 2.2.] Let G be a hyperbolic group. There is a constant Cq = 
Co{G, X) > 0 such that for all g ^ G with \g\cj > Go and for all n G Z — {0}, \g^\cj > f 

Notation 4.7. For the rest of the section we will fix K and ei such that every X-local 
geodesic in F(G, X) is a (3/2, ei)-quasi-geodesic. Let W label a cyclic geodesic. Then every 
cyclic permutation of VF is a geodesic word, so if 1{W) > K the word kF” labels a X-local 
geodesic and hence a (3/2, ei)-quasi-geodesic for all n G N. In other words, all powers of W are 
cyclic {3/2, El) -quasi-geodesics. Note that all W G CycGeo(G, X) with IfW) > K represent 
loxodromic elements of G. 

Now we give an upper bound for the length of the roots of non-primitive elements. 

Lemma 4.8. There are constants Xi, A 2 > 1 and 82 > 0 such that for every non-primitive 
conjugacy class [go]cj with \go\cj > Ki, there is a conjugacy representative g G [go\cj with 
\g\x = \ 9 \cj! fl primitive element h & G, and k ^ G such that the following hold: 

(a) g'^ = kh'^'^k~^ for some r, n G N, |r| < M, n> 1, 

(b) \k\x < Ki, 

(c) \h\x < 3/4|g'|x + Ki, 

(d) p\h\x < \ 2 \h^\x + ^2 for all p G Z. 

Proof. Let S be the set of cyclic geodesic words of length less than K that represent loxodromic 
elements. Since S is finite, there exist Aq > l,eo ^ 0 such that for kF G iS and any n > 1, kF” 
labels a cyclic (Aq, eo)-quasi-geodesic. 

Let A 2 = max{3/2, Ao} and 62 = max{eo,£i}- We have that 

(4) if t/ G CycGeo(G,X) is loxodromic, then is a cyclic (A 2 , e 2 )-quasi-geodesic. 

Let D 2 be the BCD constant for (A 2 ,e 2 ) (see Definition 13.Ih . Set Ki = max{ 3 D 2 -|-ei,X}. 
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Let qq be a non-primitive element with I^oIa: = |<7o|cj > K, and let Wq € ConjGeo(G, X) be 
such that Wq =g go- Then by the Notation 14.71 Wq is a cyclic (3/2, ei)-quasi-geodesic for all 
p £ 7 j and in particular, go is loxodromic. By Lemma [4.41 there exist r, |r| < M, n > 1 and gi 
primitive such that g^ = g"^. Let Vi be a minimal length representative of elements in [gi]cj- 
Then Vr ~G g7 =G WS- 

The BCD property fDefinition 13.11) implies that there are cyclic permutations W and V of 
Wo and Vi, respectively, and k € Mx{D 2 ) such that =g Let g =g W. Then 

g £ [go]cj and \g\cj = \g\x- Let h =g V. Then (a) and (b) are satisfied, and by ([!]), h satisfies 
(d). It remains to prove (c). 

If \h\x < K < Ki there is nothing to prove. So assume that \h\x > K. Then both and 
D™ label (3/2, ei)-quasi-geodesics. From W^ =g k~^V'^^k we get that 

rn^(F) = ^(D™) < < \{2\k\x + IITHa) + ei- 

As \h\x = ^{y) and \k\x < D 2 , we obtain 

\h\x < ^{ 2 D 2 + \W'^\x) + — 

2rn rn 

< (3^2 + 61) 

2rn 

— 7 )— \y^\x + ( 3 D 2 -|- ei). 

2rn 

Since n > 2 and i{W) = \W\x = \g\x-, the lemma follows. □ 

4.3. The louver bound of Theorem II.21 

Corollary 4.9. There exists K 2 > 0 such that for every non-primitive go £ G satisfying 
bo lx = bolcm, we have that bo|x < K 2 . 

Proof. Let Ki be the constant of Lemma 14.81 Assume that go is not primitive with bo| = 
bolcm > Ki- Note that bo| = bolcm implies bo| = \go\cj- 

By Lemma [L8l there exist g ^cj go, \g\x = \go\cj, and a primitive element h £ [g]cj P bo]cm 
such that \h\x < 3/4bo|x + Ki. Since bo|x = bolcm = b|cm < \h\x, we have that bo|x < 
|bo|x + Ki and hence bo|x < 4iLi. We let K 2 = AKi. □ 

Lemma 4.10. For every g £ G loxodromic, there are at most 2M primitive conjugacy classes 
b]cm- 

Proof. Let h £ [g]cm and assume that \h\x = b|cm- Suppose that hi,...,hp £ [g]cm are 
primitive elements and suppose that {h, hi,..., hp} are pairwise non-conjugate and p > 2M. 
Then there are Ui, mi £ Z and ki £ G such that h"'^ = kf^h^^ki for i = 1,2,... ,p. In particular 

{k~^hiki)~^h'^^{k~^hiki) = kf^h'^^ki = h”' 

and therefore, kf^hiki £ Eq^K) for i = 1,... ,p. Since all are primitive elements, by Proposition 
14.31 Ibl. |nj| = |mi| and hence TTh{kihik~^) £ t^^ for i = 1,2,... ,p. Since < 2M, we 

have that there are i,j such that kihikf^ = kjhjkj^, contradicting the fact that {h, hi,..., hp} 
are pairwise non-conjugate. □ 
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Proof of Theorem \1.S\ (lower bound). By Corollary 14.91 if \g\cm > K 2 , then all minimal length 
representatives of [g\cm are primitive; by Lemma [4. 101 there are at most 2M primitive elements 
in a commensurating class of a loxodromic element. Thus 

0Pc(R-) \ ^ \ 

— 4>cm{n) < (Ppc[n) 

for all n greater than K 2 , the constant of Corollary 14.91 Combining this with Theorem 14.21 
and observing that (j)pc{n) < (pcjin), we obtain the lower bounds of Theorem 11.21 □ 

4.4. The upper bound of Theorem 11.21 Since G is a non-elementary hyperbolic group, 
there are positive constants Aq and Bq (see M) such that for all n > uq 

(5) Aoe^^<\Mx{n)\<Boe^^. 

Lemma 4.11. There are Bi,nQ > 0 such that for all n> n\ 

((cjin) - (ppc{n) < Bm e 4 . 

Proof. Let Ki be the constant of Lemma 14.81 and assume n > Ki. 

Since 

(fcjip) ((pcip) — 

and (j)cj{Ki) — (j)pc{Ki) is constant, it is enough to show that 

{ct>cj{n) - (t)cj{Ki)) - {ct>pc{n) - (j)pc{Ki)) < Biu^e^. 

To show this, we will construct a map 

Oin ■ {[g\cj £ G/ ^cj I 9 non-primitive and Ki < \g\cj < ^ Bjv(3n/4 -|- Ki) 

and a constant /3 so that a^, is (at most /3n^)-to-one, that is, |q;„(/i)“^| < /3n^ for every 
h G Im(an) C Bx(3n/4 -|- Ki). 

Let go G G, iLi < l^olcj < n. By Lemma ITHl there are g G {go\cj-, and h,k € G such that 
Idlx = \go\cj and (a), (b), (c) and (d) of Lemma HTSl hold. Dehne an{[g]cj) = h. 

We need to bound \af^{h)\. For each conjugacy class [g\cj meeting af^{h) we can assume 
that the representative g G [g]cj satishes that Ki < \g\x < n, and for some r < M, g^ 

is conjugate to by an element of length at most Ki. Note that in this case < 

\g'^\x + 2iLi < nM + 2Ki. Therefore 

\an\h)\ < \Mx{K ^)\• |{m G Z I \h^\x < nM + 2iLi}|, 

as the first term in the product bounds the number of possible conjugators and the second one 
the number of possible powers of h. Note that by Lemma l4.4l fdL and since I^Ijv > Ki, there 
exist A 2 > 1 and 62 > 0 so that \m\ < \g\x < ^ 2 \h'^\x +£ 2 - Thus 

\a~^{h)\ < |Bx(iFi)| • |{m G Z I - C 2 < nM + 2Ki}\ 

Mn 

< |Bx(iLi)| ■ |{m G Z I \m\ < \ 2 n{nM -|- 2Ki -|- C 2 )}|. 

Now by letting (3 = 2|Bx(lFi)| • \ 2 {M -|- 2Ki + C 2 ), we obtain that the map an is an (at 

most /3n^)-to-l map. Let Bi = (dBoe^^^, where Bq is the constant of ([5]). The lemma then 

immediately follows since |Bx(3/4n -|- Ki)\ < □ 
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The next proof follows the same strategy as m, where the torsion-free case is proved. 

Proof of the upper bound of Theorem \l.S\ . Let M = M{G) be as in ([3|), let W = X 1 X 2 ■ ■ ■ Xnhe 
a cyclic geodesic representing a primitive element, and for i = 1 , 2 ,... , re consider the cyclic 
permutations VFj = x* • • • x„xi • • • Xj_i of W. For a fixed i € {1,..., re} we are going to show 
that \{j I Wj =G Wi}\ < M. 

Suppose that Wi =g Wj, i ^ j. Let U = x* ■ • • Xj-i and V = xj ■ ■ ■ Xj_i, where the indices 
are considered cyclically. Then UV = Wi and VU = Wj. Let g =g Wi, h =g U and k =g V. 
Then h,k ^ C'g(5 '), the centralizer of g in G. Since g is primitive and GG{g) ^ ^G^d)^ we can 
assume that 'ng{g) = t and GG{g) — (g) x F, where F is some finite subgroup. Then h = g^fi, 
k = g^f 2 , with fi € F and p,q G h. Since hk = g, 7rg{hk) = and thus p + q = 1. 

By Lemma 14.61 there is a constant Kq such that for every a G G, if \a\cj > Kq then \a'^\cj > 
||re| • \a\cj. Since h = g^fi, we have that for some s, = g^^. Thus, if ^{W) = j^l = \g\cj > Kq, 
\^^\cj = \9^^\cj > \\p\ ■ ls| -i^W). Since \h\ < i{W), we have that \K\cj < |'S||h| < |s| ■i{W), so 

\\p\-\s\-l{W) < \s\-i{W), 

and therefore |p| < 1. A similar argument gives |( 7 | < 1. 

Thus max{|p|, IgU = 1 and p + (7 = 1, so either p or g is equal to 0, and h ov k belong to F. 
Recall that i is fixed and VF is a cyclic geodesic, hence for every value of j we get a different 
group element. Since \F\ < M, we have \{j \ Wj =g Wi}\ < M as desired. 

Hence, we have proved that for all primitive element g with \g\pc = \g\x > Kq, there exist 
at least distinct elements in the conjugacy class [g\cj- Let (Jpc{n) denote the number of 

primitive conjugacy classes of length exactly re. We have that 

^ o-pc(n) < Hoe’"'', 

where Bq is the constant of ([5|). Therefore, we have shown that there are rei and D such that 
for all re > rei, ucpd^) ^ ^ standard argument (see m Lemma 3.2]), it follows that 

^Cpcip) — ^ 11=0 ^satisfies that there are H' > 0 and u'q such that for all n > Uq 

ghn 

4>pcin) < B' -. 

re 

By Lemma 14.111 for re > max{rei,reQ} 

ghn 

4>cjin) = 4>pcin) + {4>cj{n) - 4>pcin)) < B'— + Bin^e~. 

Since G is non-elementary, h > 1 , and there is an re 2 > 0 such that for re > re 2 , so 

ghn 

Hig3h”/4 < Bi -. The upper bound follows for B = Bi+ B'. □ 

re 

5. Determining the language complexity of Ccj, Fpc and Ccm 

In this section we give sufficient conditions which, when satisfied by a group, imply that a 
language of minimal length conjugacy/primitive conjugacy/commensurability representatives 
cannot be unambiguous context-free, which in turn implies non-regular. 
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5.1. Languages and operations on languages. All alphabets considered here are finite. 
We start by defining a finite state automaton, which informally can be viewed as a finite 
labelled graph with edge labels from a given alphabet, where the vertices are called states, and 
among them one is distinguished as the start state. 

Definition 5.1. A finite state automaton over A is a quintuple {Q, A, 6, qo, F), where Q is the 
finite set of states, 6: Q x A ^ Q the transition function, qq the initial or start state, and 

F F Q the set of final of accepting states. A word W = ai... is accepted by the finite state 

automaton if 5{... {5{5{qo,ai),a2) ■ ■ ■, an) G F. 

A language over A is regular if it consists of the words accepted by a finite state automaton. 

The proofs of the statements (l)-(3) in the following lemma can be found in |21j . 

Lemma 5.2. Let A and B he two alphabets and C and A4 be regular languages over A. 

(1) C U Ad, £ n Ad and Ad — £ are regular, 

(2) if 4>'. A* — B* is a monoid morphism, then is regular, 

(3) if fi: B* ^ A* is a monoid morphism, then (f)~^{C) is regular. 

A context-free language is recognized by a finite state automaton with additional memory, 
or by a so-called context-free grammar. If this grammar produces each word in a unique 
manner we say that the language is unambiguous context-free. Recall that by the Chomsky- 
Schiitzemberger Theorem and the discussion in Section [2l if £ is unambiguous context-free, 
then YlweC is algebraic. In [16] Flajolet gave many examples of context-free languages 
with transcendental growth series, therefore the adjective ‘unambiguous’ is necessary in the 
statement of Theorem 11.51 The following corollary and remark record the fact, applied to the 
languages studied in this paper, that if the growth series of a languages is transcendental, then 
the language cannot be unambiguous context-free. 

Corollary 5.3. Let H be a non-elementary hyperbolic group with finite symmetric generating 
set Y. Let £ C y* be a language satisfying one of the following properties: 

(1) £ contains exactly one minimal length representative of each H-conjugacy class. 

(2) £ contains exactly one minimal length representative of each H-conjugacy class of 
primitive elements. 

(3) £ contains exactly one minimal length representative of each H-commensurability class 
of primitive elements. 

(4) £ contains exactly one minimal length primitive element representative in each H- 
commensurability class. 

Then £ is not unambiguous context-free. 

Proof. In each case 4>c{n) is transcendental: (1), (2) and (3) follow from Theorem 1 1.1 1 and 

(4) follows from Remark 12.21 in view of Lemma 14.101 Then, by the Chomsky-Schiitzemberger 
Theorem, £ is not unambiguous context-free. □ 

The only facts about unambiguous context-free languages used in the proofs are collected 
in the following lemma. The first statement follows from m- Statements (2) and (3) follow 
from m, recalling that monoid morphisms are special cases of gsm (generalized sequential 
machine) mappings. The last statement follows from (1). 
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Lemma 5.4. Let C he an unambiguous eontext-free language over A. 

(1) IfAi is a regular language over A, then and CuAi are unambiguous context-free. 

(2) If 4>: A* ^ B* is a monoid morphism and (f) restrieted to L is injeetive, then 4>{C) is 
unambiguous eontext-free. 

(3) If (j)'. B* A* is a monoid morphism, then is unambiguous context-free. 

(4) If Ai is a language over A that has finite symmetric difference with C, then Ai is 
unambiguous eontext-free. 

The strategy we use is as follows: suppose that G is finitely generated by X, Cc is a language 
of conjugacy/primitive conjugacy/commensurability representatives, and there exists a non¬ 
elementary hyperbolic subgroup H oi G ‘nicely’ embedded in G. We will construct a finite 
generating set Y oi H and a finite state automaton (Lemmas 15.111 - I5.13p which produces a 
language TZ of Lf-conjugacy representatives over Y related to Cc in such a way that if Cc is 
unambiguous context-free, then so is IZ. But then we get a contradiction since IZ cannot be 
unambiguous context-free by Corollary 15.31 

In order to follow this approach, the automaton will need to perform transitions on words 
over X and words over Y simultaneously. This fact requires an additional layer of technicality. 

Definition 5.5. Let Ai, A 2 ,..., A^he alphabets. For each Ai, let $* be a padding symbol which 
we assume does not lie in Ai. Let = Aj U {$*}. We let unpad: B* —>■ A* denote the monoid 
morphism which deletes the $j-symbol. The padded alphabet associated with (Ai, A 2 ,... ,Ak) 
is the set B = Bi x ■ ■ ■ x B^. For 1 < z, j < A; we use vij: B* —>• Bi and vTjj : B* —>■ (Bj x Bj)* to 
denote projection morphisms on the respective coordinates. We remark that we differ slightly 
from na Section 1.4] since we do not require the removal of {($ 1 ,..., $fc)} from B. 

5.2. Determining the language complexity: a geometric criterium. For the rest of the 
section we will use the following notation. 

Notation 5.6. Let G be a group with a finite symmetric generating set Z. Suppose that X 
and Y are finite sets with given maps A —> G and Y G, so that we view the elements of 
X and Y as elements of G. The padding symbols $x and $y are identihed with the trivial 
element of G. We let 

A* := A U {$x}, T® := T U {$y} and B := A® x A®, 

and fix a total order <iex on A® which we extend to the usual lexicographic order on words 
over A®. Typically A will refer to the generating set of a hyperbolic (sub)group. 

Notation 5.7. Suppose that (A) = G and (A) = H ^ G. For convenience we will write 

ConJGeo(G,A) nB"^ 

instead of 

ConJGeo(G, A) n {B G A* | B =g h G H^}. 

In general, when C C X* is a language and A C (A) is a subset of a group, we use £ D A to 
denote the set of words of C that represents elements in A. 

Definition 5.8. Let (B, V) G B* and let Uj (resp Vj) denote the j-th prefix of B (resp. V). If 
j > i{U), then Uj = B, and similarly for V. Let g & G. We say that gU and V synchronously 
K-fellow travel in {G,dz) 

dz{gUj, Vj) < K or, equivalently, \Vj~^9Uj\z < A for j = 0,1,2,.... 
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Definition 5.9. The pair {U,V) G B* is a K-synchronous BCD pair in (G, d^) if 

(1) there exists g G Mz{K) such that gU =c Vg, 

(2) V synchronously iiT-fellow travels with gU in (G,dz)- 

Recall that for a language L we denote by Cyc(£) the set of all cyclic shifts of words in £. 
That is, Cyc(£) = {UV \ VU G C}. 

Remark 5.10. 

(1) Our definition of synchronous fellow travelers is for words; geometrically, when these 
words are seen as paths in the Cayley graph, the fellow traveling might he asynchronous, 
since each $ letter can be interpreted as not moving along the path. 

(2) Notice that if {U,V) is a K-synchronous BCD pair in {G,dz), then so is any cyclic 
permutation {U',V') G Cyc({(C/, R)}). 

All distances are assumed to be in (G, d^), unless otherwise specified. We will say that U 
and V synchronously AT-fellow travel or (U, V) is a i^'-synchronous BCD pair, and not mention 
the ambient (G,d^). 

The next lemmas are standard results on regular languages, and we only sketch the proofs. 
Lemma 5.11. Let K > 0. The following set is a regular language: 

M = {{U, V) £ B* \ (U, V) is a K-synchronous BCD pair}. 

Sketch of the proof. Let g G Mz{K). We claim that the following set is a regular language: 

Cg = {([/, V) € B* \ gU =G Vg, {U, V) is a AT-synchronous BCD pair}. 

Indeed, we can construct a finite state automaton with alphabet B and states Mz{K) U {p}, 
where {pj is the initial and only accepting state. The state p is a fail state, that is, r(p, b) = p 
for all b £ B. Let b = {x,y) £ B and h £ Mx(N). The transition function r on (h,b) is given 
by r(/i, {x,y)) = x~^hy if x~^hy £ Mx{K) and r(h, {x,y)) = p otherwise. 

It is an easy exercise to check that this automaton accepts exactly the language Cg. 

Since regular languages are closed under finite unions, Ad = UgGBz(A') regular. □ 

Lemma 5.12. The set Adi = {(Ri, V 2 ) £ (X^ x Y^)* \ Vi <iex V 2 } is a regular language. 

Sketch of the proof. Construct a finite state automaton with states {—1, 0,1}, where —1 is the 
accepting state, 0 is the initial state, and the transition function is defined by T(l, (a, 6)) = 
l,r(-l,(a,6)) = -1 for all {a,b) G T® x T®, r(0,(a,6)) = -1 if a <iex b, T{0,{a,b)) = 0 if 
a = b and T(0, (a, b)) = 1 if 6 <iex a. □ 

The following lemma can be seen as associating, via regular operations, to each U £ X* 
that is conjugate to some element in a given subset of (Y), a lexicographically minimal word 
V £ Y* in D’s conjugacy class. 

Lemma 5.13. Suppose that S c (y*)* is a regular language. The language 

Ad 2 = {(D, V) £ B* \ V = min(I/' G 5 | ([/, V') is a K-synchronous BCD pair)} 

<lex 


is regular. 
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Sketch of the proof. Let C = X® x y® x y®. As in Definition 15.51 we use TTjj and vij to denote 
projections from C* to the appropriate coordinates. Let Ai be the regular language of Lemma 
15.111 Then 


Ti = {{U, yi, V 2 ) G C* I {U, Vi), {U, V 2 ) are X-synchronous BCD pairs, Vi,V 2 e S} 


is regular since it is the intersection of the pre-images of several regular languages: 7i = 

n n 712 -^ 5 ) n 713-^5). 

The language 


r2 = {(t/,yi,y2)Gri |yi<iexy2} 

is regular, since it is the intersection of 7i with the pre-image of the regular language Adi of 
Lemma [5.121 under the map 7123 . Since M .2 = 7112 ( 72 ) — 7113 ( 72 ), the result follows from the 
closure properties of regular languages in Lemma 15.21 □ 


Lemma 5.14. Assume that X = Y = Z in the Notation \5.6\ and r(G, y) is 6-hyperbolic. 

Let A > 1 and c > 0. Then there is a constant K = K{6,X,c) such that for every cyclic 
{X, c)-quasi-geodesic U gY* we can find V G satisfying that unpad(V) G ConjGeo(G,Y) 

and {U,V) is a K-synchronous BCD pair. 


Proof. Let D = D{X,c,6) be the BCD constant. Let 17 be a cyclic (A, c)-quasi-geodesic word 
with i{U) < D and let V G ConjGeo(G, y) be conjugate to 17. Since iiy') < 7(17), we can pad 
V with symbols $y at the end to get a word V so that 7(17) = 7(17) and unpad(V) = V'. There 
exists a number K[/ so that (17,17) is a 77f/-synchronous BCD pair. Let Kg be the maximum 
of all K[/ where 17 be a cyclic (A, c)-quasi-geodesic words 7(17) < D. 

Thus we only need to consider the case where 17 is a cyclic (A, c)-quasi-geodesic of length 
i{U) > D. In this case take any 17 £ ConjGeo(G, y) C . By the BCD property there 
are cyclic permutations 17 of 17 and U' of 17, and g G ]By(D) such that gU' = V g. Let p 
be the path in r(G, y) starting at 1 and labelled by 17 , and q the path starting at g and 
labelled by U'. Then p is a geodesic path, g is a (A, c)-quasi-geodesic path, dy(p_,g_) < D 
and dy(p+,g+) < D. 

For i G {0,1,... , 7(17^)} let ti G {0,1,... , 7(17)} be the biggest number such that 
dy(l,g(L)) = i. By the stability of quasi-geodesics there is a constant x = >€{6, X,c, D) 
such that every vertex of q is at distance at most x of a vertex of p, so in particular there 
exists a point v on p such that d{q{ti),v) < x. Then 

d(l,p(l)) - X = d(l,g(tj)) - X <d{l,v) < d(l,g(L)) + x = d(l,p(z)) -7 x. 

Since p is geodesic, we get d{v,p{i)) < x, and by the triangle inequality dy(p(i), q(ti)) < 2x. 

Since g is a (A, c)-quasi-geodesic and dy (g(L), g(L+i)) < 2x-|- 1, we see that 

— ti Y A(2x -|- 1) -|- c. 

We now construct 17' by padding 17^ as follows: for j G {1,... ,7(17)} the jth letter of 17' is 
the ith letter of 17^ if j = ti and $y otherwise. Note that dy (17}, 17') < 2x -|- A(2x -|- 1) -|- c. 

Then (17', 17') is a (2x -|- A(2x -|- 1) -|- c)-synchronous BCD pair. By Remark 15. 101 there is a 
cyclic permutation 17 of 17' such that (17,17) is a (2x-|- A(2x-|- 1) -|- c)-synchronous BCD pair. 
Note that since ConjGeo(G, y) is closed under cyclic permutation, unpad(V) G ConjGeo(G, Y). 

The lemma now follows with K = maxlATo, (2x -|- A(2x -|- 1) -|- c)}. □ 
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A subset H of r(G,X) is Morse if for any A > l,c > 0 there exists x = x(A,c) such that 
every (A, c)-quasi-geodesic in r(G, X) with end points in H lies in the x-neighborhood of H. 
Note that being Morse is stable under quasi-isometry. Note also that if a finitely generated 
subgroup of G is a Morse subspace of r(G, X), then H is quasi-isometrically embedded in 
(G,X). 

Definition 5.15. Let H he a, subgroup of G and X a finite generating set of G. We say that 
(G, X) has BCD relative to H if there is X > 0 such that for every U € ConjGeo(G, X) n 
we can find g G Bx(X) and a cyclic permutation U' of U so that U' € . 

We will combine the Morse and relative BCD properties of H and G to build BCD pairs. 

Proposition 5.16. Suppose that G is generated by a finite symmetric set X and H ^ G is 
hyperbolic and Morse. Also suppose that (G, X) has BCD relative to H. 

There exists a finite symmetric generating set Y of H and a constant R = R{K, X, Y, G) 
for which to any U G ConjGeo(G, X) n we can associate V G such that unpad(V) G 

ConjGeo(H,Y) and {U,V) G B* is an R-synchronous BCD pair. 

Proof. We use Notation 15.61 with the assumption that X = Z] the set Y will be defined below. 
Let K be the constant provided by the relative BCD property of (G, X) with respect to H. 

Let X = x(l, K) be the Morse constant for H, that is, any (1, X)-quasi-geodesic in r(G, X) 
with end points in H lies in the x-neighbourhood of H. We choose a finite symmetric generating 
set Y (that may include the trivial element) of H such that 

(6) Y^{hGH\\h\x <2^+1}. 

Since H is quasi-isometrically embedded in G, there exists D > 0 such that 

(7) for all h€H, ^\h\x -D< |/i|y < D\h\x + D. 

Let U G ConjGeo(G, X) n and let K be the constant of the BCD-embedding of H. Then 
there are a cyclic permutation U' of U and g G Mx{K) such that gU'g~^ G H. Let p be the 
path in r(G,X) with label U' starting at g. Then p is a geodesic path that has end points 
at distance \g\x < X from X, and hence p is a subpath of a (1, X)-quasi-geodesic with end 
points in X; therefore, since X is Morse, p lies in the x-neighbourhood of X. In particular, 
for each vertex p{f) of p, there is a vertex ut in X such that dx{p{t),ut) < x. We note that 
dx{ut,ut+i) < 2x-|- 1 and then, by ([6|), dy(ut,ut+i) < 1. Let W be the word over Y whose 
fth letter is for i > 1. Insisting that we may have the trivial element as a generator 

in T, we have that {U', W) G B* is a x-synchronous BCD pair. In view of Remark l5.ini and 
changing VL by a cyclic permutation, we can assume that [U, W) G B* is a x-synchronous 
BCD pair. 

Observe that IT is a cyclic {D,D‘^ + 2x)-quasi-geodesic in r(X, T). Indeed, let 1 < z < j < 
t{W) and ITo = {ui+iuf^) ■ ■ ■ be a subword of IT. Then .^(ITo) = j — i. Note that 

dx(p(f)x(i)) = j - i < \Wo\x + 2x and then by ([7]) 

mo) = \i-j\ < |ITo|x + 2x 

< X|ITo|y -|- D^ -|- 2x 
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This shows that TT is a {D, + 2x)-quasi-geodesic. To see that it is in fact a cyclic {D, + 

2x)-quasi-geodesic, observe that if {U',W') is a cyclic permutation of {U,V), then {U',W') is 
a x-synchronous BCD pair with U' geodesic, so the same argument as above applies to W. 

Since IT is a cyclic {D,D‘^ + 2x)-quasi-geodesic and T{H,Y) is hyperbolic, by Lemma [5.141 
there is a constant K 2 only depending on D, x and the hyperbolicity constant of T{H,Y) so 
that there is C G for which unpad(V) G ConjGeo(H,Y) and (W,V) is a iL 2 -synchronous 

BCD-pair. 

Let i? = X + K 2 . It follows that (JJ, V) is an i?-synchronous BCD pair. □ 

Recall (see m) that a subgroup H oi a group G is called Frattini embedded if any two 
elements of H that are conjugate in G are also conjugate in H, in other words, for all h ^ H, 

n H = . We will say that a subgroup Lf of G is almost Frattini embedded if for all but 

finitely many iL-conjugacy classes of elements of H, one has that hP H = . 

Recall that H is almost malnormal in G if for every g ^ G — FI, \F{ CiH^l < 00 . In particular, 
if if is a subgroup of G with finitely many Lf-conjugacy classes of finite order elements, we 
have that H is almost Frattini embedded in G. 

Suppose that H is almost malnormal and some infinite order element g £ G is G- 
commensurated to some h £ H, in this case g has to be conjugated to some element of 
H. Indeed, if cg^c~^ = /i™' for some c £ G, n,m p 0, then H n is infinite and thus 

cgc~^ £ H. 

Theorem 5.17. Let G he a group with finite generating set X. Let H be a Morse, non¬ 
elementary hyperbolic, almost Frattini embedded subgroup of G, and assume that {G, X) has 
BCD relative to H. 

Then any language of minimal length eonjugacy/ primitive conjugaey G-representatives is 
not unambiguous context-free. If in addition H is almost malnormal, then any language of 
minimal length eommensurability G-representatives is not unambiguous context-free. 

Proof. We assume Z = X in the Notation 15.61 Let Y and R be the finite set and the constant 
provided by Proposition 15.161 respectively. 

Let K be the constant provided by the BCD-embedding. 

The first step of the proof is to discard the set F containing all words in ConjGeo(iL, T) 
which represent elements of H such that h^ CiH h^. Since H almost Frattini embedded, F 
is finite. For simplicity, we will also assume that F contains all representatives of finite order 
elements in Con]Geo{H,Y). Recall that there are only finitely many Lf-conjugacy classes of 
finite order elements, and hence F is still finite. Let 

S:={V £ (y®)* I unpad(V) G ConjGeo(H, Y) - F}. 

Since H is hyperbolic, by [El Theorem 3.1] ConjGeo(Lr, Y) is regular. Since F is finite, the 
language ConjGeo(LI, Y) — Y is regular. Now S is regular since it is the homomorphic pre-image 
of a regular language. 

Consider the language 

M .2 = {{U, V) £ B* \V = min(Y' G 5 | (C/, V') is an R-synchronous BCD pair)} 

<lex 


By Lemma 15.131 A42 is regular. 
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The second step is to build a map A which associates to each conjugacy representative in 
a conjugacy representative in H over Y as follows. Let C C ConjGeo(G, X) be a language 
containing at most one element for each G-conjugacy class. By Proposition 15.161 for every 
[/ G T n ^ there is P G (T®)* such that {U,V) G B* is an i?-synchronous BCD pair. 
Therefore, we have that 

Cn{H- = Cr\ 7 ri(M 2 ). 

Furthermore, for f7 G T D (FT — there is a unique V G (T®)* such that (B, V) G M.2- We 

define 

A([/) = unpad(V) 

and note that since {U,V) £ M2, U is conjugate to X{U). 

If C is unambiguous context-free, then so is Mo = {{U, D) G (A x Y^)* \ U G C}, since it is 
the pre-image of L under the natural monoid morphism {X x Y^)* —>■ X*. In particular, since 
M 2 is regular, we have that M 2 £\Mo is unambiguos context-free. Note that 'Ki{M 2 H Ado) = 
£n (FF- 

Now we define the set 

7^ = X{C n (FF - C y*. 

From the construction, it follows that TZ = unpad(7r2(A42 n Ado)). Note that (unpad o tt^) 
restricted to {M 2 n Ado) is injective. Indeed, if unpad(7r2((Ui, Vi))) = unpad(7r2((U2, V 2 ))), 
then Vi and V 2 are G-conjugate, and thus Ui and U2 are G-conjugate. Since L contains at 
most one element in each G-conjugacy class, Ui = F/ 2 . By construction, there is a unique V) 
such that {Ui,Vi) G Ad 2 n Ado, therefore Li = 1^2- It follows from Lemma [5jnf 2l that if L is 
unambiguous context-free, then so is TZ. 

For the final step in the proof we show that if we start with L a language of conju¬ 
gacy/primitive conjugacy/commensurating representatives then 7^ is, up to some finite set, 
a language of some appropriate type of representatives in a hyperbolic group, that cannot be 
unambiguous context-free. 

(i) Assume that T is a language of minimal A-length conjugacy G-representatives. Then 

7^ C ConjGeo(FF, Y') has finite symmetric difference with a set of minimal T-length FF-conjugacy 
representatives. Indeed, TZ contains a representative of each G-conjugacy class of elements of 
(FF — F^)^, and by construction for each h £ H — F^ we have that D FF = , that is 

each G-conjugacy class corresponds exactly to one FF-conjugacy class. Then by Corollary 15.31 
TZ can not be unambiguous context-free, and neither can be C. 

(ii) The same argument works if T is a language of minimal A-length primitive conjugacy 
G-representatives, bearing in mind that since FF G T D (FF — F^)^ is conjugated to A(F/), then 
A(F/) must be primitive as well. Again by construction, TZ has finite symmetric difference with 
a set of minimal T-length representatives of primitive FF-conjugacy classes. 

(iii) Now let T be a language of minimal A-length commensurability classes in G and assume 
FF is almost malnormal. In this case we can not guarantee that A(F/) is of y-minimal length in 
its FF-commensurability class; however, by increasing F, we can ensure that A(F/) is primitive 
(see Lemma (5.181 belowl. By Corollary 15.31 TZ can not be unambiguous context-free, and 
neither can be L. 

□ 
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Lemma 5.18. Suppose the hypotheses of Theorem 5.17 hold, and assume that H is almost 
malnormal. 

There exists K 2 such that all U € ConjGeo(G', X) Cl satisfying \U\cm = \U\x > K 2 are 
primitive. 


Proof. Let Y and R be the generating set and constant of Proposition 15.161 respectively. 
Since {H,Y) is hyperbolic, there are Ai > 1 and > 0 such that for all V G ConjGeo(II,Y) 
representing an infinite order element, all powers of V represent a cyclic (Ai, ei)-quasi-geodesics 
in {H,Y). Let D be the BCD constant for (Ai,ei). 

For each y G D let Wy be a geodesic word in Geo{G,X) representing y. Let Fq be the 
subgraph of F(G, Af) containing all the paths starting at 1 whose label is in {Wy \ y G Y}*. 
Note that Fq contains H and is quasi-isometric to it. 

Since H is Morse, there is x such that all (1, ii)-quasi-geodesics with end-points in H are 
in the x-neighbourhood of H. Let F be the complete subgraph of F(G,Af) spanned by all 
vertices at distance < x of a vertex in Fq. Then F is a connected graph, quasi-isometric 
to H, and hence hyperbolic. Thus there are Kq and eo such that every local iFo-geodesic is 
(3/2, eo)-<lRasi-geodesic. 

Let U G ConjGeo(G, X)r\H'^ , and suppose that \U\cm = ^{U) > Kq but U does not represent 
a primitive element. Then there are a primitive W G ConjGeo(G, Af) and r, n > 1 such that 
is conjugate in G to U^. By almost malnormality W G H^. Also, |C/|cm = ^(U) implies 
IfW) > i{U) > Kq. Since cyclic permutations of U and W are at distance < R from H, and 
U and W label cyclic geodesics in F, all powers of U and W label (3/2, eo)-c[uasi-geodesics in 
F. 

Up to cyclic permutations, we can assume there exist Vi and V 2 in (Y^)* such that {U,Vi) 
and {W,V 2 ) are i?-synchronous BCD pairs. Recall that unpad(Vi) and unpad(V 2 ) are in 
ConjGeo(Ff, y) and since they represent infinite order elements, powers of unpad(Vi) and 
unpad(V 2 ) represent (Ai, ei)-quasi-geodesics. Then there are cyclic permutations of Vi and V 2 
such that Vf is conjugated to by an element of U-length at most D. 

Let Di = 2R + Dmax{^(VFy) \ y G Y}. Then, up to cyclic permutations of U and W, we 
can assume that we have in F paths p and q labelled by and VF™ with dr(p-,y-) < Di 
and dr{p+,q+) < Di. Arguing as in the proof of Lemma 14.81 we conclude that 

i{W) < ^£(C/) + 3Di+eo. 

Since i{U) < i{W) we get i{U) < l2Di + eo- The lemma follows with K 2 = l2Di -|- eo- D 

Theorem 15.171 can be applied, for example, when G is non-elementary and hyperbolic with 
respect to some family of proper subgroups {Hx}\£A- In IH Theorem 4.11] it is shown how 
to construct a non-elementary virtually free subgroup H of any non-elementary relatively 
hyperbolic group G such that all elements of H are loxodromic (in the relatively hyperbolic 
sense), and H can be added to the family of parabolic subgroups. It follows from standard facts 
about relatively hyperbolic groups that such H is quasi-isometrically embedded and almost 
malnormal. The Morse property for H follows from m Theorem 1.12(1)], and the relative 
BCD property from [U Theorem 9.13]. 
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6. Acylindrically hyperbolic groups and the proof of Theorem 11.51 

The main result of this section is the following: 

Theorem 6.1. Let G be a finitely generated group and X any finite symmetric generating 
set. Let Z be a (possibly infinite) generating set of G and suppose that H is quasi-isometrically 
embedded in {G, Z), the action of G on r(G, Z) is acylindrical and r(G, Z) is hyperbolic. Then 
{G,X) has BCD relative to H. 

We will use this result to show that any finitely generated acylindrically hyperbolic group 
satisfies the hypothesis of Theorem 15.171 We start by collecting all the required definitions. 

An action denoted by o of a group G on a metric space (5, d) is called acylindrical if for every 
e > 0 there exist R > 0 and N > 0 such that for every two points x,y € S with d(a:, y) > R 
there are at most N elements of G satisfying 

d{x,gox)<s and d{y,goy)<s. 

A group G is called acylindrically hyperbolic (term introduced in [2^) if it admits a non¬ 
elementary acylindrical action on a hyperbolic space (in this situation non-elementary is equiv¬ 
alent to G being non-virtually cyclic and the action having unbounded orbits). 

The following is a modification of |29l Lemma 3.4], and we include the proof for completeness. 

Lemma 6.2. Let G be generated by a finite set X. Suppose that G acts acylindrically on a 
hyperbolic Cayley graph T{G,Z). 

Then for every a > 0 there exists R such that the following hold: for every D there is B so 
that for all x, y, xi,yi £ G with dz{x, y) > R, dz{x., xfi) < a, dz{y, yi) < a and dx{xi.,yi) < D 
the inequality dx{x,xi) < B is true. 

Proof. We can assume without loss of generality that x = 1. 

Since the action of G on r(G, Z) is acylindrical, given a > 0 there exist Rq and N such that 
for all z,t £G, dz{z,t) > Rq the following holds 

(8) \{h £ G \ dz{z, hz) < 2a and dz{t, ht) < 2a}\ < N. 

We let R = Rq + 2a. Fix y £ G such that dz{'\-, y) > R. For Xi £ G such that dz{'\-, Xi) < a 
consider the set 

Sxi = {g £G\ dz{y,Xig) < a}. 

Suppose that g £ Sxi n Sx 2 , then 

dz(g, xf^X 2 g) = dz{xig, X 2 g) < dz{y, xig) + d{y, X 2 g) < 2a 

and 

dz{l, xf^X 2 ) = dz{xi,X 2 ) < dzixi, 1) dz{l, X 2 ) < 2a. 

Note that dz( 1 , 5 ) = <^z{xi,xig) > dz{l,y)-dz{l,xi)-dz{y,xig) >R-2a = RQ. Therefore, 
by (HI); for a fixed g there are at most N different x £ G such that dz(l,x) < a and g £ Sx. 
Thus for any D > 0 we have that 

|r| < iV • |]Bx(F>)| where T = |J {x £ G \ dz(l,x) <a,g£ S'a,}. 

9&x{D) 
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The above inequality shows that T is a finite set, so there is a S > 0 be such that T C 
which implies that for all x a T we have dx(l,a;) < B. This completes the proof. □ 

Recall that geodesics in hyperbolic spaces diverge exponentially. 

Lemma 6.3. [6l III. H. Proposition 1.6] LetT{G, Z) be a 6-hyperbolic geodesic space. If a path p 
between points on a geodesic q avoids some ball Mz{D) centered at any vertex v on the geodesic, 
then its length satisfies £{p) > 2~^. 

The next lemma shows that in a hyperbolic space if a path q with the same end points as a 
geodesic p has length linearly bounded by the length of p, then at least a fixed proportion of 
points in q are uniformly close to p. 

Lemma 6.4. Suppose that G admits a presentation fiZ || S) whose linear isoperimetric in¬ 
equality has constant L, and where all the relators have length at most M. 

Then for every K there exist r and 0 < e < 1 such that the following hold: if p is a geodesic 
in r(G,Z), pq a subpath of p of length i{po) > 2r, and q a path in T{G,Z) with the same 
endpoints as p such that £(q) < K£{po), then there are at least ££{po) vertices in po at distance 
< r from points in q. 

Proof. It is a classical result (see m Lemma 4.9] for example) that the Cayley graph r(G, Z) 
of a group admitting a presentation with bounded length relators and linear isoperimetric 
function is d-hyperbolic for some <5 > 0. Let <5 > 0 be the hyperbolicity constant of r(G, Z). 

Let D he a number satisfying 

(9) 2^ > 2{3LKM){2D + 4M) 

We are going to show that we can take r = D + 2M. 

Consider a van Kampen diagram A of minimal area whose boundary is pq~^, as in Figure 
1 (we refer to U I .8A.4] for the definition of a van Kampen diagram). We claim that if u is a 
vertex on p such that d(u, q) > D -h 2M, then there exists a path in A whose end points are 
the vertices of p at distance D + M from v and such that for all u £ Sy, D < d{u, v) < D-\- 2M. 
To prove the claim, consider the subcomplex A^ spanned by all 2-cells of A whose vertices u 
satisfy that D < d/\{u, v) < D d- 2M. We linearly extend the graph metric on A^ to the whole 
complex and construct a continuous map A —)• M assigning to each point its distance to v. 
Since d{v,q) > D -h 2M and A is homeomophic to a disk in M^, -|- M) is connected, 

contained in A^, and contains the two vertices V- and of p at distance D+M of v. Therefore, 
there is a path in -|- M) C A^, with end points in p at distance 2{D + M) from each 

other. We can deform this path into a path Sy in the 1-skeleton of A^. This proves the claim. 

images/vaiiKampen2 . {ps ,eps} not found (or no BBox) 


Figure 1. Van Kampen diagram 

Let n = Y 2 D+Im ^ let ui, ..., Un be vertices in £{po) such that d{vi,Vj) > 2{D -|- 2M) for 
i 7 ^ j. See Figure 1. Note that if d{vi,q) > D + 2M, then by the claim there exists a path 
Sy- in A with end points in p and avoiding a ball of radius D centered at Vi. Moreover, since 
d(i;i, Vj) > 2D + 4M if i 7 ^ j and d(ufc, Sk) < D + 2M for all k, then n Sy^ = 0. 
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Now suppose that for some 0 < u < 1 there are [unj elements of {ui,... ,Vn} such that 
d{vi,q) > D + 2M. By Lemma [63] we get that there are at least \yn\2~i~ different vertices 
in A. Since < 2i{q) < 2 KI{pq) we have 


^{Po) 

2D + AM 




2 s < \yn\2 s < 2LKi{pQ)M, 


where the last inequality is an upper bound for the total number of vertices in the van Kampen 
diagram A. 

Therefore we get that 


_^2D + AM {2LKi{po)M + 1) ^ {2D + AM){MKM) i{po) 

2^ ' ^(Po) - i‘^D + AM) - £{po) - {2D + AM )' 

Hence if i{po) > 2{2D + AM), we have that i{po)/{^{Po) — (2-D + AM)) < 2 and by (|9|) we get 
that 

{2D + AM){3LKM) 

0 < u < eo := ^^- -2 < 1. 

2 — 

This completes the proof, since we have shown that u < eq < 1 and hence there are at least 
(1 — £ 0 )^- elements of {vi,..., u„} such that d(uj, q) < D + 2M. Finally let e := 1 — Eq- D 


Proof of Theorem, \6.1{ Let Z be a generating of G such that the Cayley graph V{G,Z) is 
hyperbolic, the action of G on T{G,Z) is acylindrical and H is quasi-isometrically embedded 
in (G, Z). Since the symmetric difference between Z and Z U X is finite, we have that (G, Z) 
and (G, Z U X) are quasi-isometric, and therefore, we can assume without loss of generality 
that X C Z. 

Since r(G, Z) is hyperbolic, G has a presentation {Z || S) with bounded length relators and 
linear isoperimetric inequality. 

Let Y be any finite generating set of H. We identify each element of Y with a geodesic word 
over X representing the same element, and for V € Y* we write V to denote the word V viewed 
as a word over X through this fixed identihcation. As H is quasi-isometrically embedded in 
G, there exist A > 1 and c > 0 such that for any V G CycGeo{H,Y), V labels a cyclic (A, c)- 
quasi-geodesic in r(G, Z). Since r(G, Z) is hyperbolic, it satishes the BCD property. Let 
Dq = Dq{X,c) be the BCD constant for cyclic (A, c)-quasi-geodesics. 

Let U G ConjGeo(G, X) and V G CycGeo{H,Y) be conjugate, and suppose that G is a 
minimal Z-length conjugator, up to cyclic permutations of U and V; we can assume without 
loss of generality that GU =g VG. Note that by definition ix{U) < £x{V). 

The goal of the proof is to use the BCD property in the hyperbolic r(G, Z), together with 
Lemmas 16.41 and 16.21 to hnd a short conjugator of U and V not only with respect to Z, but 
with respect to X. Take W G Geo(G, Z) representing the same element as D, and consider 
the 4-gon prq~^s~^ in r(G, Z) where Lab(p) = V, Lab(r) = Lab(s) = G, Lab((7) = W. By 
hyperbolicity and stability of quasi-geodesics, there is a constant Xi = Xi(J, A, c) so that each 
side of the 4-gon is at distance Ki of the other three. Let <71 be the path labelled by U with 
same end points as q. See Figure [2j 

The following argument shows how to find a ‘long enough’ subpath <70 of q, with respect to 
qi, so that we can apply Lemma [6Tl By the BCD property, any word T G Z* conjugate to V 
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images/drawing2. {ps, eps} not found (or no BBox) 


Figure 2. Diagram of the paths U and V in r(G, Z) 


has length 

£{T)>{i{V)/X-c)-2Do. 

Thus, for all t, 

dz{r{t), s{t)) > {£{V)/X - c) - 2Do. 

Suppose that 

{i{V)/X - c) - 2Do > 2Ki 

and that a vertex r{ti) of r is at Z-distance at most Ki of a vertex s{t 2 ) of s. Then |ti—12| < Ki, 
since otherwise we could shorten C; on the other side, this contradicts dz(r(ti), s(ti)) > 
{i{V)/X — c) — 2 Dq. This shows that dz{r{ti), s{t 2 )) > Ki for all ti,t 2 - Also, a similar 
argument shows that any vertex r(t) with t > Ki cannot be at distance < Ki to a vertex of p, 
since then we can change V hy & cyclic permutation and reduce the length of the conjugator. 
This would contradict the minimality of C. 

Thus r{Ki + 1) and s{Ki + 1) are at distance smaller than Ki from some vertices u and 
V in g, respectively. Let go be the subpath of q from u to v. As dz{r{Ki + l),s(iLi + 1)) > 
{^{V)/X - c) - 2Do, we get dz{u,v) > (^(F)/A - c) - 2Dq - 2Ki. 

Then t{qo) = dz{u,v) > i{V)/X — (c + 2Do + 2Ki) and since i(V) > i(U), we get that 
^(^o) > KU)/X — {c + 2Dq + 2Ki). Then i{U) is linearly bounded by i{qo)] one can for example 
take A' = A + c + 2Do + 2Ari and hence X'i{qo) > i{U). We now can apply Lemma (6^ so there 
are Ri and 0 < e < 1 depending on A' such that if i{qo) > 2Ri and i{qi) < X'i{qo), then at 
least e£{qo) vertices of <79 are at Z-distance at most Ri from a vertex of < 71 . 

By hyperbolicity, there is some constant K 2 = K 2 {Ki, X,c) such that qo is in the K 2 - 
neighbourhood of p. Let R be the constant of Lemma 16.21 with a = K 2 + Ri- Since go is 
geodesic, it follows that there are n = different vertices ui,...,Un of go, such that 

for each Vi there are vertices xi ^ p and y* G gi with dzixi,Vi) < K 2 , dz{vi,yi) < Ri and 
dz{xi,Xj) > i? for i / j. After relabelling the vertices, if necessary, we can assume that for 
i < j, Ui appears before yj when traveling in gi from (gi)- to (gi)+. Recall that U labels a 
geodesic in X with ix{U) < ix{V)] therefore, there is some i such that dx{yi,yi+i) < i{V)fn. 
Since n depends linearly on i{V) there is some D independent of V such that i{V)jn < D. We 
are going to use Lemma W?2 \ for the four-point set {xj, y*, yj+i, Xj+i}. So far we have obtained 

dx{yi,yi+i) < D,dzixi,yi) < a,dz(xi+i,y^+i) < a,and dz{xi,Xi+i) > R. 

Let B be the constant of Lemma [6]2] corresponding to D. Then dxixi,yi) < B. 

We have found cyclic permutations of U and V that are conjugate by an element of Af-length 
less than B. Let M = max{|y|x | y G T}. Then we can hnd a cyclic permutation of U and V 
conjugated by an element of X-length less than B + M. This finishes the proof. □ 

6.1. Proof of Theorem ll.SL It was proved in |26t Theorem 1.4] that a group is acylindrically 
hyperbolic if and only if it has a non-degenerate hyperbolically embedded subgroup in the sense 
of Dahmani, Guirardel and Osin m- 
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Definition 6.5. Let G be a group, A a set, {-^aIagA a collection of subgroups of G and Z a 
subset of G (not necessarily finite). 

The set Z is a generating set relative to {L^^aIasA if tfie natural homomorphism from 

F = {*x&aHx) * F{Z) 

to G is surjective, where F{Z) is the free group with basis Z. Assume that Z is a generating 
set relative to {L^aIagA and let i? be a subset of F whose normal closure is the kernel of the 
natural map F ^ G. Let 

n=[_\Hx, 

aga 

let Sx be all the words in Hx representing the identity, and let S = USx- We then say that G 
has presentation relative to Z 

{Z,H II S,R). 

The presentation is strongly bounded if all words in R have bounded length, and for each 
A G A, there are only finitely many elements of Hx appearing as syllables of words in R. 

Given a word W over the alphabet Z UH that represents 1 in G there exists an expression 
for W in T of the form 

n 

(10) W=Fllf,rl^f-\ 

i=l 

where ri £ R, fi F and Sj = ±1 for i = 1,... ,n. The smallest possible number n in an 
expression of type (fTOl) is called the relative area ofW and is denoted by Aiearei{W). 

A family of subgroups {L^^aIagA of G is hyperbolically embedded in {G,Z), denoted 
{Hx}x&a (GjZ), if there exists a strongly bounded presentation relative to {L^aIagA 
and Z, and there is a constant L > 0, called an isoperimetric constant, such that 

AveareiiW) < L£zuh{W) 

for all words W over Z LiH that are the identity in G. In particular, r(G, Z U H) is Gromov 
hyperbolic (see m Lemma 4.9]). 

We say that {LIaIagA is hyperbolically embedded in G, denoted {LIaIagA G, if there is 
some Z such that {L^aIagA {G,Z). We note that G G (take Z to be empty) and for 
any collection of finite subgroups {LIaIagAj {.^aIagA G (take Z to be G). These are the 
degenerate cases. 

Hyperbolically embedded subgroups satisfy the properties in Lemma 16.61 (see [21 Lemmas 
3.1, 3.2]). Furthermore, it was shown in [131 Theorem 4.42] or [21 Theorem 3.9] (which has 
a simpler proof when r(G, Z) is hyperbolic) that the converse also holds, i.e. if (1) and (2) 
below hold, then H {G,Z). 

Lemma 6.6. Suppose that H {G,Z). Then 

(1) H is finitely generated and quasi-isometrically embedded in {G,Z); 

(2) for every r > 0 there exists R such that for g £ G, if diam{H n Af^{gH)) > R then 
g£H. 

Here Af^{S) denotes the r-neighbourhood of S with respect to the metric dz- 


FORMAL CONJUGACY GROWTH IN AGYLINDRIGALLY HYPERBOLIG GROUPS 


25 


Theorem 6.7. [26l Theorem 5.4] Let G be a group, {^^a}agA a finite collection of subgroups of 
G, Z a subset of G such that {Hx}x£A {G, Z). Then there exists Y T G such that Z TY 
and the following hold. 

(a) {^^aIagA {G,Y). 

(b) The action of G on T{(G,Y U (Ux^aHx)) is acylindrical. 

Proof of Theorem I j.5l Let X be the fixed generating set of G. Since G is acylindrically hy¬ 
perbolic, it contains non-degenerate hyperbolically embedded subgroups. 

By [m Theorem 6.8], there is a family of virtually cyclic subgroups {Hi, H 2 , H^} and Zq C G 
such that {Hi, H 2 , H^} {G,Zq). By Theorem 16.71 there is Zi such that X C Zq T Zi, 

{Hi,H 2,H3} {G, Zi) and the action of G on r(G, Zi U Hi U H 2 U H 3 ) is acylindrical. 

In the proof of m Theorem 6.14] it is shown that starting from {Hi, H 2 , H 3 } {G,Z) 

one can construct H, a non-elementary virtually free subgroup of G, such that H {G, Zi U 
H 1 UH 2 U H 3 ). Set Z = Z 1 UH 1 UH 2 U H 3 . 

We need to establish that all the hypotheses of Theorem 15.171 hold. By Theorem 16.11 {G, X) 
has BCD relative to H, and hence it is sufficient to show that H is almost malnormal and 
Morse. However, these are known properties for hyperbolically embedded subgroups. 

Indeed, if h £ H has infinite order and g~^hg € H for some g € G, then H 
has infinite diameter and by Lemma 16.61 g £ H. Therefore H is almost malnormal. By |29l 
Theorem 2], hyperbolically embedded subgroups are Morse. □ 
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